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Reminder

• Sign up for your team by Jan 27th [link].

https://docs.google.com/spreadsheets/d/1su1EavB4peEP67fJZ0DU3pJ2cmAyfn5Cto8iLlmSdpY/edit?usp=sharing
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• Sign up for your team by Jan 27th [link].

https://docs.google.com/spreadsheets/d/1su1EavB4peEP67fJZ0DU3pJ2cmAyfn5Cto8iLlmSdpY/edit?usp=sharing


Reminder

• Course Announcements on the Blackboard site.
• Piazza created for any discussions.



Recap: MDP

Environment Receive Reward: 𝒓𝒉 ∼ 𝒓(𝒔𝒉, 𝒂𝒉)

Observe Next state: 𝒔𝒉"𝟏 ∼ 𝑷 ⋅ 𝒔𝒉, 𝒂𝒉

Perform action: 𝒂𝒉 ∼ 𝝅 ⋅ 𝒔𝒉

RL Agent



Recap: Infinite Horizon MDP

• MDP ℳ = { 𝑆, 𝐴, 𝑃, 𝑟, 𝛾}
§ 𝑆 is the state space.
§ 𝐴 is the action space.
§ 𝑃: 𝑆×𝐴 → Δ 𝑆 is the transition probability function.
§ 𝑟: 𝑆×𝐴 → [0,1] is the reward function.
§ 𝛾 ∈ 0,1 is the discounting factor.

• A Markovian policy is defined as 𝜋: 𝑆 → Δ 𝐴 .



Recall from last time

• Value function

• Q function

<latexit sha1_base64="/2+AUPgsSGMHByNFKWSLrGOE17U="></latexit>

V ⇡(s) = E
" 1X

h=0

�hr(sh, ah)|s0 = s, ah ⇠ ⇡(sh), sh+1 ⇠ P (·|sh, ah)
#

<latexit sha1_base64="WmavVRsKyht/11YAFQo0FbOkmNo="></latexit>

Q⇡(s, a) = E
" 1X

h=0

�hr(sh, ah)|(s0, a0) = (s, a), ah ⇠ ⇡(sh), sh+1 ⇠ P (·|sh, ah)
#

<latexit sha1_base64="NAJokx+f+CPZWewwLlq/on1egvA="></latexit>

Bellman Equation: V ⇡(s) = E[r(s,⇡(s))] + �Es0⇠P (·|s,a)V
⇡(s0)



Existence of an Optimal Policy

• 𝑉∗ 𝑠 = max
"

𝑉" 𝑠

• 𝑄∗ 𝑠, 𝑎 = max
"

𝑄" 𝑠, 𝑎

• So far, we know that there exists an optimal 𝜋#∗ per state 𝑠.

🤔 Is there a single policy that achieves 𝑉∗ and 𝑄∗ for all 𝑠?

Turns out the answer is Yes.



Existence of an Optimal Policy

• [Claim] There exist a stationary and deterministic policy 𝜋, s.t.

• Proof by Construction:

<latexit sha1_base64="Srq/8FBcHVd0cFmg/cTxkvhLOCA="></latexit>

8(s, a) 2 S ⇥A, V ⇡(s) = V ⇤(s) and Q⇡(s, a) = Q⇤(s, a)

<latexit sha1_base64="YsBSGZpqWQdvAeiDbJ1xvBIuxdI="></latexit>

⇡⇤(s) = argmax
a2A

⇥
r(s, a) + �Es0⇠P (·|s,a)V

?(s0)
⇤



Existence of an Optimal Policy

• Proof by Construction:

• Let’s prove

• We already know, by the definition of 𝑉∗, that

• It remains to be shown that 

<latexit sha1_base64="YsBSGZpqWQdvAeiDbJ1xvBIuxdI="></latexit>

⇡⇤(s) = argmax
a2A

⇥
r(s, a) + �Es0⇠P (·|s,a)V

?(s0)
⇤

<latexit sha1_base64="OK7SSsnpdGG8tPtpKrhN2OhA3j4="></latexit>

V ⇡⇤
(s) = V ⇤(s) for all s 2 S.

<latexit sha1_base64="rSbyBsXJRaCF5cgzusd4JyDOxyg="></latexit>

V ⇡⇤
(s)  V ⇤(s)
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V ⇡⇤
(s) � V ⇤(s)



Existence of an Optimal Policy
<latexit sha1_base64="YAgNyflTDvSwag9V9NbzPrjsrIs="></latexit>

V ⇤(s0) = max
⇡

E
⇥
r(s0, a0) + �Es1⇠P (·|s0,a0)[V

⇡(s1)]|⇡
⇤

(Bellman Equation)

 max
⇡

E
h
r(s0, a0) + �Es1⇠P (·|s0,a0)[max

⇡
V ⇡(s1)]|⇡

i
(Jensen)

= max
⇡

E
⇥
r(s0, a0) + �Es1⇠P (·|s0,a0)[V

⇤(s1)]|⇡
⇤

(Definition of V ⇤)

= E
⇥
r(s0, a0) + �Es1⇠P (·|s0,a0)[V

⇤(s1)]|⇡⇤⇤

 E
⇥
r(s0, a0) + �r(s1, a1) + �2Es2⇠P (·|s1,a1)[V

⇤(s2)]|⇡⇤⇤ (recursion)

 E
⇥
r(s0, a0) + �r(s1, a1) + �2r(s2, a2) + ...|⇡⇤⇤

= V ⇡⇤
(s0)



Bellman Optimality Equation

• We have shown that 𝑉∗ = 𝑉"∗ and thus

• Bellman Optimality Equation

<latexit sha1_base64="Kup2KLRUcD7PqBs2tq3tuuRubIE="></latexit>

V ⇤(s) = max
a

⇥
r(s, a) + Es0⇠P (·|s,a)[V

⇤(s0)]
⇤

<latexit sha1_base64="mmYewZc4xDwplPspbCNKYOkWZKg="></latexit>

f(s) = max
a

⇥
r(s, a) + Es0⇠P (·|s,a)[f(s

0)]
⇤



Summary

𝑽𝝅 𝑽∗

Bellman Equation:
𝑉& 𝑠 = 𝑟 𝑠, 𝜋 𝑠 + 𝛾𝔼'!∼) ⋅|',& ' 𝑉& 𝑠′

Bellman Optimality Equation:
𝑉∗ 𝑠 = max

-
𝑟 𝑠, 𝑎 + 𝛾𝔼'!∼) ⋅|',- 𝑉∗ 𝑠.

• 𝑓 satisfies Bellman Equation iff 𝑓 = 𝑉"  for some 𝜋.

• 𝑓 satisfies Bellman Optimality Equation iff 𝑓 = 𝑉∗.



Chapter 2: Planning



What is planning?

• “Given” an MDP, find an optimal policy.

• It’s a pure “computational” problem.

• There is no “learning” involved.

• Still highly non-trivial!! e.g. AlphaGo.



Approach 1: Solving the Bellman Optimality 
Equation
• It’s easy! Simply solve the BOE:

<latexit sha1_base64="ESEvW3dh0e3+UDgHd4STZI5wmm4="></latexit>

Q⇤(s, a) = r(s, a) + �Es0⇠P (·|s,a)[max
a02A

Q⇤(s0, a0)]



How do we solve BOE?

• Fixed-point	iteration	(FPI)	method:

• To	solve	equation	𝑥 = 𝑓(𝑥)

1. Initialize	𝑥 $ arbitrarily.
2. For	𝑡 = 1,…𝑇,
• Compute 𝑥 9 𝑠, 𝑎 = 𝑓(𝑥 9:; )

3. Return 𝑥 %



When does FPI work?

• FPI doesn’t necessarily converge.

• A sufficient condition for FPI to work is called the contraction
property.

• Contraction: ∃𝛾 ∈ [0,1), s.t. ∀ 𝑥, 𝑥′, 𝑓 𝑥 − 𝑓 𝑥& ≤ 𝛾 ⋅ 𝑥 − 𝑥&

• Since 𝑥∗ = 𝑓(𝑥∗), we have 𝑓 𝑥 ' − 𝑓 𝑥∗ ≤ 𝛾 ⋅ 𝑥 '() − 𝑥∗ .



How do we solve BOE?

• In	RL,	FPI	is	called	Value	Iteration

1. Initialize	𝑄 $ arbitrarily.
2. For	𝑡 = 1,…𝑇
• 𝑄 < 𝑠, 𝑎 = 𝑟 𝑠, 𝑎 + 𝛾𝔼=!∼> ⋅|=,@ max

@A
𝑄 <:; 𝑠A, 𝑎A

• The implicit assumptions
🥲 Finite S and A
🥲 Can evaluate 𝔼=!∼> ⋅ 𝑠, 𝑎 [⋅]

HW: Prove that BOE satisfies contraction.



Approach 1b: Policy Iteration

• Instead of updating the Q function, policy iteration updates the policy.

1. Initialize	𝜋 $ arbitrarily.
2. For	𝑡 = 1,…𝑇
• Policy Evaluation:	𝑄B "#$ .
• Policy Improvement: 𝜋 9 (𝑠, 𝑎) = argmax@𝑄B

"#$ 𝑠, 𝑎 .

• One can show that 𝑄" " − 𝑄∗
*
≤ 𝛾 ⋅ 𝑄" "#$ − 𝑄∗

*
.



Approach 2: Linear Programming

• Occupancy Measure:

• Starting from 𝑠$ ∼ 𝜇, follow 𝜋, 
• at every step, stop with prob. 1 − 𝛾
• if stop, sample (𝑠, 𝑎) at that step.

<latexit sha1_base64="FHudpv7mxaSANatIbf4WQjN4mjU="></latexit>

d⇡µ(s, a) = (1� �)
1X

t=0

�tPr⇡(st = s, at = a|s0 ⇠ µ)



Approach 2: Linear Programming

• Connection to the Value Function:

• Bellman-like Recursion:

• 𝑑 satisfies (1) iff 𝑑 = 𝑑+" for some 𝜋, in particular 𝜋,(𝑎|𝑠) =
,(#,/)

∑% , #,/
.

<latexit sha1_base64="eoP4SwU7SX9ZYo/i/iu6IShUMro="></latexit>

V ⇡(s̄) = r(s, a)>d⇡s̄ (s, a)

<latexit sha1_base64="E9tWIRGSTkLsdMN1SJmEddZHE2M="></latexit>X

a

d⇡µ(s, a) = (1� �)µ(s) + �
X

s0,a0

P (s|s0, a0)d⇡µ(s0, a0) (1)



Approach 2: Linear Programming

• It’s a linear program!
• Many efficient algorithms exist. 

<latexit sha1_base64="uhDDEgzQ5pH23mwe8Z1dNVBoHFM="></latexit>

max
d2�(S⇥A)

X

s,a

r(s, a)d(s, a)

s.t.
X

a

d⇡µ(s, a) = (1� �)µ(s) + �
X

s0,a0

P (s|s0, a0)d⇡µ(s0, a0)



“Given” an MDP, find an optimal policy.

• What does “given” mean?
• [Stronger] “Given” means you can sample 

any state, query any action, and observe 
the outcome.

• [Weaker] “Given” means you can play out a 
policy and observe the trajectory with no 
real-world cost.


